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We study the joint estimation of multiple Rabi frequencies in a multi-level system. By analytically
identifying the optimal probe state and the optimal measurement, we obtain the highest precision
limit for the joint estimation of multiple Rabi frequencies. We show that the joint estimation
does not always outperform the separate estimation. There exist different regimes where the joint
estimation can either outperform or underperform the separate estimation. We further show that
if additional adaptive quantum controls are allowed then the advantage of the joint estimation over
the separate estimation can be reestablished.
I. INTRODUCTION
Quantum metrology, which makes use of quantum me-
chanical effects to achieve higher precision, is gaining in-
creasing attention for its broad applications in many ar-
eas [1, 2], such as atomic clocks [3–7], spectroscopy [8–11],
magnetometry [12–15], gravitational-wave detection [16–
19], etc. Much progress has been made in the single pa-
rameter quantum estimation [20–22]. However, in many
practical applications such as microscopy and imaging
[23–29], there are typically more than one parameter.
This puts a high demand on better understandings of
multi-parameter quantum estimation. There have been
recent studies on joint estimation of multiple parameters
in various specific settings, such as multiple phase estima-
tion under commuting dynamics [30], estimation of multi-
dimensional fields [31], estimation of multiple parameters
in quantum states [32, 33] and unitary operators [34–40],
joint estimatin of the phase and decoherence rate [41, 42],
as well as joint estimation of two decoherence rates [43].
However, the optimal performance for multi-parameter
quantum estimation is still not well understood[44–46].
A distinct feature of multi-parameter quantum estima-
tion is the tradeoff among the precisions of different pa-
rameters [31–33, 41, 42, 45, 47, 48], as the optimal probe
states and the optimal measurements for different param-
eters are typically different. Such trade-offs are usually
quantified by a particular figure of merit, typically a com-
bination of the weighted precisions of different parame-
ters, one can then optimize the probe state and the mea-
surement according to the chosen figure of merit. This
turns out to be a hard problem. While general methods
on the identification of the optimal probe states exist for
the single-parameter quantum estimation[49], the probe
states for multi-parameter quantum estimation are typ-
ically chosen heuristically[31, 36, 43], the optimal probe
states are only identified for very few cases[30, 42, 50].
In this article, we study the joint estimation of multiple
Rabi frequencies. We start with the joint estimation of
two Rabi frequencies in a three-level system. By explic-
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itly optimizing the probe state and the measurement, we
analytically obtain the highest precision for the joint esti-
mation of two Rabi frequencies. We find that, in contrast
to the expectation, the joint estimation does not always
outperform the separate estimation. There exist different
regimes that the joint estimation can either outperform
or underperform the separate estimation. This enriches
the understandings on the relationship between the joint
and the separate estimation. We then consider adding
optimal quantum controls in the scheme and show that
with the adaptive quantum controls, the joint estimation
can restore the advantage over the separate estimation.
The article is organized as follows: in Sec.II we make
a brief introduction of the basic tools for the multi-
parameter quantum estimation; in Sec.III we derive the
precision limits for the joint estimation of two Rabi fre-
quencies in a three-level system by explicitly obtaining
the optimal probe state and the optimal measurement
scheme; we then compare the joint estimation with the
separate estimation in Sec.IV; in Sec.V we show that with
optimal adaptive controls the joint estimation can always
outperform the separate estimation. This is then gen-
eralized to systems with more levels in Sec.VI; Sec.VII
concludes the paper.
II. MULTI-PARAMETER QUANTUM
ESTIMATION
To estimate a set of parameters, ϕ = (ϕ1, ..., ϕp),
encoded in a quantum channel Λϕ, one can prepare a
probe state, ρ, and get the output state, ρϕ = Λϕ(ρ),
which contains the unknown parameters. With a set
of Positive Operator Valued Measurements (POVMs),
{Mx}x∈Ω, the information of the parameters can then
be extracted. From the probability distribution of the
measurement results, pϕ(x) = Tr(ρϕMx), one can con-
struct an estimator, ϕˆ(x) = (ϕˆ1, ..., ϕˆp)(x). For locally
unbiased estimator with 〈ϕˆ〉 = ∑x∈Ω ϕˆ(x)pϕ(x) = ϕ
and d 〈ϕˆ〉 /dϕi = 1, ∀i, the precision is bounded below
by the Fisher information matrix [51–54] as
Cov(ϕˆ) ≥ I(ϕ)−1, (1)
ar
X
iv
:1
90
3.
11
25
9v
1 
 [q
ua
nt-
ph
]  
27
 M
ar 
20
19
2where Cov(ϕˆ) is the covariance matrix with its ij-th en-
try as [Cov(ϕˆ)]ij = 〈(ϕˆi − ϕi)(ϕˆj − ϕj)〉, and I(ϕ) is the
Fisher information matrix with its ij-th entry given by
[51, 54]
[I(ϕ)]ij =
∑
x∈Ω
∂ ln pϕ(x)
∂ϕi
∂ ln pϕ(x)
∂ϕj
pϕ(x). (2)
The Fisher information matrix can be further bounded
by the quantum Fisher information matrix (QFIM),
which leads to the quantum Crame´r-Rao bound (QCRB)
[55–57] as
Cov(ϕˆ) ≥ I(ϕ)−1 ≥ J(ϕ)−1, (3)
here the ij-th entry of the QFIM is given by
[J(ϕ)]ij =
1
2
Tr(ρϕ{Li, Lj}), (4)
where {•, •} is the anticommutator, Li is the symmet-
rical logarithm derivative (SLD) of the i-th parameter,
which can be obtained by ∂ϕiρϕ = (Liρϕ+ρϕLi)/2. For
the multi-parameter quantum estimation, the quantum
Cramer-Rao bound is in general not achievable. How-
ever, if it satisfies the weaker commutation condition as
Tr(ρϕ[Li, Lj ]) = 0, ∀i, j, (5)
then the quantum Cramer-Rao bound can be
saturated[45, 58–60].
One distinct feature of the multi-parameter quantum
estimation is the trade-off among the precisions of differ-
ent parameters, as the optimal probe state and the op-
timal measurement for different parameters are typically
different. In general this is treated by adding a weight
matrix, W , in the figure of merit as Tr(WCov(ϕˆ)), then
one can identify the optimal probe state and the optimal
measurement according to the figure of merit. In this
article, we will take W = I and consider the figure of
merit as Tr(Cov(ϕˆ)). From the QCRB, it is easy to get
a lower bound as
Tr(Cov(ϕˆ)) ≥ Tr(J(ϕ)−1). (6)
III. MULTI-PARAMETER ESTIMATION IN A
THREE-LEVEL SYSTEM
We first consider a three-level system, with Λ or ladder
shape linkage, interacting with two resonating radiation
fields as depicted in FIG. 1.
The dynamics of the system is described by the
Schro¨dinger equation
i~
d
dt
|ψ〉 = H|ψ〉, (7)
where H is the Hamiltonian for the system and its inter-
action with the radiation fields. Under the rotating-wave
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<latexit sha1_base64="QNYqm+wgzOiuqjgfPBGcXyN5gvo=">AAAB7nicbVBNS8NAEJ3Ur1q/q h69LBbBU0mKoN6KXrxZwdhCG8pmO2mX7iZxdyOU0D/hxYOKV3+PN/+N24+Dtj4YeLw3w8y8MBVcG9f9dgorq2vrG8XN0tb2zu5eef/gQSeZYuizRCSqFVKNgsfoG24EtlKFVIYCm+HweuI3n1BpnsT3Z pRiIGk/5hFn1Fip1bmV2KfdWrdccavuFGSZeHNSgTka3fJXp5ewTGJsmKBatz03NUFOleFM4LjUyTSmlA1pH9uWxlSiDvLpvWNyYpUeiRJlKzZkqv6eyKnUeiRD2ympGehFbyL+57UzE10EOY/TzGDMZ ouiTBCTkMnzpMcVMiNGllCmuL2VsAFVlBkbUcmG4C2+vEz8WvWy6t2dVepX8zSKcATHcAoenEMdbqABPjAQ8Ayv8OY8Oi/Ou/Mxay0485lD+APn8wf1vY90</latexit><latexit sha1_base64="QNYqm+wgzOiuqjgfPBGcXyN5gvo=">AAAB7nicbVBNS8NAEJ3Ur1q/q h69LBbBU0mKoN6KXrxZwdhCG8pmO2mX7iZxdyOU0D/hxYOKV3+PN/+N24+Dtj4YeLw3w8y8MBVcG9f9dgorq2vrG8XN0tb2zu5eef/gQSeZYuizRCSqFVKNgsfoG24EtlKFVIYCm+HweuI3n1BpnsT3Z pRiIGk/5hFn1Fip1bmV2KfdWrdccavuFGSZeHNSgTka3fJXp5ewTGJsmKBatz03NUFOleFM4LjUyTSmlA1pH9uWxlSiDvLpvWNyYpUeiRJlKzZkqv6eyKnUeiRD2ympGehFbyL+57UzE10EOY/TzGDMZ ouiTBCTkMnzpMcVMiNGllCmuL2VsAFVlBkbUcmG4C2+vEz8WvWy6t2dVepX8zSKcATHcAoenEMdbqABPjAQ8Ayv8OY8Oi/Ou/Mxay0485lD+APn8wf1vY90</latexit><latexit sha1_base64="QNYqm+wgzOiuqjgfPBGcXyN5gvo=">AAAB7nicbVBNS8NAEJ3Ur1q/q h69LBbBU0mKoN6KXrxZwdhCG8pmO2mX7iZxdyOU0D/hxYOKV3+PN/+N24+Dtj4YeLw3w8y8MBVcG9f9dgorq2vrG8XN0tb2zu5eef/gQSeZYuizRCSqFVKNgsfoG24EtlKFVIYCm+HweuI3n1BpnsT3Z pRiIGk/5hFn1Fip1bmV2KfdWrdccavuFGSZeHNSgTka3fJXp5ewTGJsmKBatz03NUFOleFM4LjUyTSmlA1pH9uWxlSiDvLpvWNyYpUeiRJlKzZkqv6eyKnUeiRD2ympGehFbyL+57UzE10EOY/TzGDMZ ouiTBCTkMnzpMcVMiNGllCmuL2VsAFVlBkbUcmG4C2+vEz8WvWy6t2dVepX8zSKcATHcAoenEMdbqABPjAQ8Ayv8OY8Oi/Ou/Mxay0485lD+APn8wf1vY90</latexit><latexit sha1_base64="QNYqm+wgzOiuqjgfPBGcXyN5gvo=">AAAB7nicbVBNS8NAEJ3Ur1q/q h69LBbBU0mKoN6KXrxZwdhCG8pmO2mX7iZxdyOU0D/hxYOKV3+PN/+N24+Dtj4YeLw3w8y8MBVcG9f9dgorq2vrG8XN0tb2zu5eef/gQSeZYuizRCSqFVKNgsfoG24EtlKFVIYCm+HweuI3n1BpnsT3Z pRiIGk/5hFn1Fip1bmV2KfdWrdccavuFGSZeHNSgTka3fJXp5ewTGJsmKBatz03NUFOleFM4LjUyTSmlA1pH9uWxlSiDvLpvWNyYpUeiRJlKzZkqv6eyKnUeiRD2ympGehFbyL+57UzE10EOY/TzGDMZ ouiTBCTkMnzpMcVMiNGllCmuL2VsAFVlBkbUcmG4C2+vEz8WvWy6t2dVepX8zSKcATHcAoenEMdbqABPjAQ8Ayv8OY8Oi/Ou/Mxay0485lD+APn8wf1vY90</latexit>
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<latexit sha1_base64="PHBRo/AVMvVwavbB++4WFB7ZWGg=">AAAB9HicbVBNS8NAEN3Ur1q/qh6 9BIvgqSRFUC9S9OKxgrGFNpbNdtIu3WzC7kQpsf/DiwcVr/4Yb/4bt20O2vpg4PHeDDPzgkRwjY7zbRWWlldW14rrpY3Nre2d8u7enY5TxcBjsYhVK6AaBJfgIUcBrUQBjQIBzWB4NfGbD6A0j+UtjhLwI9qX POSMopHuOwJCfKp1FO8P8KJbrjhVZwp7kbg5qZAcjW75q9OLWRqBRCao1m3XSdDPqELOBIxLnVRDQtmQ9qFtqKQRaD+bXj22j4zSs8NYmZJoT9XfExmNtB5FgemMKA70vDcR//PaKYZnfsZlkiJINlsUpsLG2 J5EYPe4AoZiZAhliptbbTagijI0QZVMCO78y4vEq1XPq+7NSaV+madRJAfkkBwTl5ySOrkmDeIRRhR5Jq/kzXq0Xqx362PWWrDymX3yB9bnD9eIkkc=</latexit><latexit sha1_base64="PHBRo/AVMvVwavbB++4WFB7ZWGg=">AAAB9HicbVBNS8NAEN3Ur1q/qh6 9BIvgqSRFUC9S9OKxgrGFNpbNdtIu3WzC7kQpsf/DiwcVr/4Yb/4bt20O2vpg4PHeDDPzgkRwjY7zbRWWlldW14rrpY3Nre2d8u7enY5TxcBjsYhVK6AaBJfgIUcBrUQBjQIBzWB4NfGbD6A0j+UtjhLwI9qX POSMopHuOwJCfKp1FO8P8KJbrjhVZwp7kbg5qZAcjW75q9OLWRqBRCao1m3XSdDPqELOBIxLnVRDQtmQ9qFtqKQRaD+bXj22j4zSs8NYmZJoT9XfExmNtB5FgemMKA70vDcR//PaKYZnfsZlkiJINlsUpsLG2 J5EYPe4AoZiZAhliptbbTagijI0QZVMCO78y4vEq1XPq+7NSaV+madRJAfkkBwTl5ySOrkmDeIRRhR5Jq/kzXq0Xqx362PWWrDymX3yB9bnD9eIkkc=</latexit><latexit sha1_base64="PHBRo/AVMvVwavbB++4WFB7ZWGg=">AAAB9HicbVBNS8NAEN3Ur1q/qh6 9BIvgqSRFUC9S9OKxgrGFNpbNdtIu3WzC7kQpsf/DiwcVr/4Yb/4bt20O2vpg4PHeDDPzgkRwjY7zbRWWlldW14rrpY3Nre2d8u7enY5TxcBjsYhVK6AaBJfgIUcBrUQBjQIBzWB4NfGbD6A0j+UtjhLwI9qX POSMopHuOwJCfKp1FO8P8KJbrjhVZwp7kbg5qZAcjW75q9OLWRqBRCao1m3XSdDPqELOBIxLnVRDQtmQ9qFtqKQRaD+bXj22j4zSs8NYmZJoT9XfExmNtB5FgemMKA70vDcR//PaKYZnfsZlkiJINlsUpsLG2 J5EYPe4AoZiZAhliptbbTagijI0QZVMCO78y4vEq1XPq+7NSaV+madRJAfkkBwTl5ySOrkmDeIRRhR5Jq/kzXq0Xqx362PWWrDymX3yB9bnD9eIkkc=</latexit><latexit sha1_base64="PHBRo/AVMvVwavbB++4WFB7ZWGg=">AAAB9HicbVBNS8NAEN3Ur1q/qh6 9BIvgqSRFUC9S9OKxgrGFNpbNdtIu3WzC7kQpsf/DiwcVr/4Yb/4bt20O2vpg4PHeDDPzgkRwjY7zbRWWlldW14rrpY3Nre2d8u7enY5TxcBjsYhVK6AaBJfgIUcBrUQBjQIBzWB4NfGbD6A0j+UtjhLwI9qX POSMopHuOwJCfKp1FO8P8KJbrjhVZwp7kbg5qZAcjW75q9OLWRqBRCao1m3XSdDPqELOBIxLnVRDQtmQ9qFtqKQRaD+bXj22j4zSs8NYmZJoT9XfExmNtB5FgemMKA70vDcR//PaKYZnfsZlkiJINlsUpsLG2 J5EYPe4AoZiZAhliptbbTagijI0QZVMCO78y4vEq1XPq+7NSaV+madRJAfkkBwTl5ySOrkmDeIRRhR5Jq/kzXq0Xqx362PWWrDymX3yB9bnD9eIkkc=</latexit>
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<latexit sha1_base64="CmeLepp/0OyWLSTG9hwxYz8axV8=">AAAB9HicbVBNS8NAEN34WetX1aO XYBE8lUQE9SJFLx4rGFtoYtlsJ+3SzSbsTpQS+z+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTAXX6Djf1sLi0vLKammtvL6xubVd2dm900mmGHgsEYlqhVSD4BI85CiglSqgcSigGQ6uxn7zAZTmibzFYQpBTHuS R5xRNNK9LyDCJ8dXvNfHi06l6tScCex54hakSgo0OpUvv5uwLAaJTFCt266TYpBThZwJGJX9TENK2YD2oG2opDHoIJ9cPbIPjdK1o0SZkmhP1N8TOY21Hsah6Ywp9vWsNxb/89oZRmdBzmWaIUg2XRRlwsbEH kdgd7kChmJoCGWKm1tt1qeKMjRBlU0I7uzL88Q7rp3X3JuTav2ySKNE9skBOSIuOSV1ck0axCOMKPJMXsmb9Wi9WO/Wx7R1wSpm9sgfWJ8/1HSSRQ==</latexit><latexit sha1_base64="CmeLepp/0OyWLSTG9hwxYz8axV8=">AAAB9HicbVBNS8NAEN34WetX1aO XYBE8lUQE9SJFLx4rGFtoYtlsJ+3SzSbsTpQS+z+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTAXX6Djf1sLi0vLKammtvL6xubVd2dm900mmGHgsEYlqhVSD4BI85CiglSqgcSigGQ6uxn7zAZTmibzFYQpBTHuS R5xRNNK9LyDCJ8dXvNfHi06l6tScCex54hakSgo0OpUvv5uwLAaJTFCt266TYpBThZwJGJX9TENK2YD2oG2opDHoIJ9cPbIPjdK1o0SZkmhP1N8TOY21Hsah6Ywp9vWsNxb/89oZRmdBzmWaIUg2XRRlwsbEH kdgd7kChmJoCGWKm1tt1qeKMjRBlU0I7uzL88Q7rp3X3JuTav2ySKNE9skBOSIuOSV1ck0axCOMKPJMXsmb9Wi9WO/Wx7R1wSpm9sgfWJ8/1HSSRQ==</latexit><latexit sha1_base64="CmeLepp/0OyWLSTG9hwxYz8axV8=">AAAB9HicbVBNS8NAEN34WetX1aO XYBE8lUQE9SJFLx4rGFtoYtlsJ+3SzSbsTpQS+z+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTAXX6Djf1sLi0vLKammtvL6xubVd2dm900mmGHgsEYlqhVSD4BI85CiglSqgcSigGQ6uxn7zAZTmibzFYQpBTHuS R5xRNNK9LyDCJ8dXvNfHi06l6tScCex54hakSgo0OpUvv5uwLAaJTFCt266TYpBThZwJGJX9TENK2YD2oG2opDHoIJ9cPbIPjdK1o0SZkmhP1N8TOY21Hsah6Ywp9vWsNxb/89oZRmdBzmWaIUg2XRRlwsbEH kdgd7kChmJoCGWKm1tt1qeKMjRBlU0I7uzL88Q7rp3X3JuTav2ySKNE9skBOSIuOSV1ck0axCOMKPJMXsmb9Wi9WO/Wx7R1wSpm9sgfWJ8/1HSSRQ==</latexit><latexit sha1_base64="CmeLepp/0OyWLSTG9hwxYz8axV8=">AAAB9HicbVBNS8NAEN34WetX1aO XYBE8lUQE9SJFLx4rGFtoYtlsJ+3SzSbsTpQS+z+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTAXX6Djf1sLi0vLKammtvL6xubVd2dm900mmGHgsEYlqhVSD4BI85CiglSqgcSigGQ6uxn7zAZTmibzFYQpBTHuS R5xRNNK9LyDCJ8dXvNfHi06l6tScCex54hakSgo0OpUvv5uwLAaJTFCt266TYpBThZwJGJX9TENK2YD2oG2opDHoIJ9cPbIPjdK1o0SZkmhP1N8TOY21Hsah6Ywp9vWsNxb/89oZRmdBzmWaIUg2XRRlwsbEH kdgd7kChmJoCGWKm1tt1qeKMjRBlU0I7uzL88Q7rp3X3JuTav2ySKNE9skBOSIuOSV1ck0axCOMKPJMXsmb9Wi9WO/Wx7R1wSpm9sgfWJ8/1HSSRQ==</latexit>
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<latexit sha1_base64="INygZAbuIn+TUAkvZDo2b9yjlU4=">AAAB9HicbVBNS8NAEN34WetX1aO XYBE8lUQE9SJFLx4rGFtoYtlsJ+3SzSbsTpQS+z+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTAXX6Djf1sLi0vLKammtvL6xubVd2dm900mmGHgsEYlqhVSD4BI85CiglSqgcSigGQ6uxn7zAZTmibzFYQpBTHuS R5xRNNK9LyDCJ9dXvNfHi06l6tScCex54hakSgo0OpUvv5uwLAaJTFCt266TYpBThZwJGJX9TENK2YD2oG2opDHoIJ9cPbIPjdK1o0SZkmhP1N8TOY21Hsah6Ywp9vWsNxb/89oZRmdBzmWaIUg2XRRlwsbEH kdgd7kChmJoCGWKm1tt1qeKMjRBlU0I7uzL88Q7rp3X3JuTav2ySKNE9skBOSIuOSV1ck0axCOMKPJMXsmb9Wi9WO/Wx7R1wSpm9sgfWJ8/1f6SRg==</latexit><latexit sha1_base64="INygZAbuIn+TUAkvZDo2b9yjlU4=">AAAB9HicbVBNS8NAEN34WetX1aO XYBE8lUQE9SJFLx4rGFtoYtlsJ+3SzSbsTpQS+z+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTAXX6Djf1sLi0vLKammtvL6xubVd2dm900mmGHgsEYlqhVSD4BI85CiglSqgcSigGQ6uxn7zAZTmibzFYQpBTHuS R5xRNNK9LyDCJ9dXvNfHi06l6tScCex54hakSgo0OpUvv5uwLAaJTFCt266TYpBThZwJGJX9TENK2YD2oG2opDHoIJ9cPbIPjdK1o0SZkmhP1N8TOY21Hsah6Ywp9vWsNxb/89oZRmdBzmWaIUg2XRRlwsbEH kdgd7kChmJoCGWKm1tt1qeKMjRBlU0I7uzL88Q7rp3X3JuTav2ySKNE9skBOSIuOSV1ck0axCOMKPJMXsmb9Wi9WO/Wx7R1wSpm9sgfWJ8/1f6SRg==</latexit><latexit sha1_base64="INygZAbuIn+TUAkvZDo2b9yjlU4=">AAAB9HicbVBNS8NAEN34WetX1aO XYBE8lUQE9SJFLx4rGFtoYtlsJ+3SzSbsTpQS+z+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTAXX6Djf1sLi0vLKammtvL6xubVd2dm900mmGHgsEYlqhVSD4BI85CiglSqgcSigGQ6uxn7zAZTmibzFYQpBTHuS R5xRNNK9LyDCJ9dXvNfHi06l6tScCex54hakSgo0OpUvv5uwLAaJTFCt266TYpBThZwJGJX9TENK2YD2oG2opDHoIJ9cPbIPjdK1o0SZkmhP1N8TOY21Hsah6Ywp9vWsNxb/89oZRmdBzmWaIUg2XRRlwsbEH kdgd7kChmJoCGWKm1tt1qeKMjRBlU0I7uzL88Q7rp3X3JuTav2ySKNE9skBOSIuOSV1ck0axCOMKPJMXsmb9Wi9WO/Wx7R1wSpm9sgfWJ8/1f6SRg==</latexit><latexit sha1_base64="INygZAbuIn+TUAkvZDo2b9yjlU4=">AAAB9HicbVBNS8NAEN34WetX1aO XYBE8lUQE9SJFLx4rGFtoYtlsJ+3SzSbsTpQS+z+8eFDx6o/x5r9x2+agrQ8GHu/NMDMvTAXX6Djf1sLi0vLKammtvL6xubVd2dm900mmGHgsEYlqhVSD4BI85CiglSqgcSigGQ6uxn7zAZTmibzFYQpBTHuS R5xRNNK9LyDCJ9dXvNfHi06l6tScCex54hakSgo0OpUvv5uwLAaJTFCt266TYpBThZwJGJX9TENK2YD2oG2opDHoIJ9cPbIPjdK1o0SZkmhP1N8TOY21Hsah6Ywp9vWsNxb/89oZRmdBzmWaIUg2XRRlwsbEH kdgd7kChmJoCGWKm1tt1qeKMjRBlU0I7uzL88Q7rp3X3JuTav2ySKNE9skBOSIuOSV1ck0axCOMKPJMXsmb9Wi9WO/Wx7R1wSpm9sgfWJ8/1f6SRg==</latexit>
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<latexit sha1_base64="uF/nP5Lhf9E4FdrvM/ONZO5i7Xo=">AAAB7nicbVBNS8NAEJ34WetX1aO XYBE8lUQE9Vb04s0KxhbaUDbbSbt0dxN3N0IJ/RNePKh49fd489+4bXPQ1gcDj/dmmJkXpZxp43nfztLyyuraemmjvLm1vbNb2dt/0EmmKAY04YlqRUQjZxIDwwzHVqqQiIhjMxpeT/zmEyrNEnlvRimGgvQl ixklxkqtzq3APun63UrVq3lTuIvEL0gVCjS6la9OL6GZQGkoJ1q3fS81YU6UYZTjuNzJNKaEDkkf25ZKIlCH+fTesXtslZ4bJ8qWNO5U/T2RE6H1SES2UxAz0PPeRPzPa2cmvghzJtPMoKSzRXHGXZO4k+fdH lNIDR9ZQqhi9laXDogi1NiIyjYEf/7lRRKc1i5r/t1ZtX5VpFGCQziCE/DhHOpwAw0IgAKHZ3iFN+fReXHenY9Z65JTzBzAHzifP/Q6j3M=</latexit><latexit sha1_base64="uF/nP5Lhf9E4FdrvM/ONZO5i7Xo=">AAAB7nicbVBNS8NAEJ34WetX1aO XYBE8lUQE9Vb04s0KxhbaUDbbSbt0dxN3N0IJ/RNePKh49fd489+4bXPQ1gcDj/dmmJkXpZxp43nfztLyyuraemmjvLm1vbNb2dt/0EmmKAY04YlqRUQjZxIDwwzHVqqQiIhjMxpeT/zmEyrNEnlvRimGgvQl ixklxkqtzq3APun63UrVq3lTuIvEL0gVCjS6la9OL6GZQGkoJ1q3fS81YU6UYZTjuNzJNKaEDkkf25ZKIlCH+fTesXtslZ4bJ8qWNO5U/T2RE6H1SES2UxAz0PPeRPzPa2cmvghzJtPMoKSzRXHGXZO4k+fdH lNIDR9ZQqhi9laXDogi1NiIyjYEf/7lRRKc1i5r/t1ZtX5VpFGCQziCE/DhHOpwAw0IgAKHZ3iFN+fReXHenY9Z65JTzBzAHzifP/Q6j3M=</latexit><latexit sha1_base64="uF/nP5Lhf9E4FdrvM/ONZO5i7Xo=">AAAB7nicbVBNS8NAEJ34WetX1aO XYBE8lUQE9Vb04s0KxhbaUDbbSbt0dxN3N0IJ/RNePKh49fd489+4bXPQ1gcDj/dmmJkXpZxp43nfztLyyuraemmjvLm1vbNb2dt/0EmmKAY04YlqRUQjZxIDwwzHVqqQiIhjMxpeT/zmEyrNEnlvRimGgvQl ixklxkqtzq3APun63UrVq3lTuIvEL0gVCjS6la9OL6GZQGkoJ1q3fS81YU6UYZTjuNzJNKaEDkkf25ZKIlCH+fTesXtslZ4bJ8qWNO5U/T2RE6H1SES2UxAz0PPeRPzPa2cmvghzJtPMoKSzRXHGXZO4k+fdH lNIDR9ZQqhi9laXDogi1NiIyjYEf/7lRRKc1i5r/t1ZtX5VpFGCQziCE/DhHOpwAw0IgAKHZ3iFN+fReXHenY9Z65JTzBzAHzifP/Q6j3M=</latexit><latexit sha1_base64="uF/nP5Lhf9E4FdrvM/ONZO5i7Xo=">AAAB7nicbVBNS8NAEJ34WetX1aO XYBE8lUQE9Vb04s0KxhbaUDbbSbt0dxN3N0IJ/RNePKh49fd489+4bXPQ1gcDj/dmmJkXpZxp43nfztLyyuraemmjvLm1vbNb2dt/0EmmKAY04YlqRUQjZxIDwwzHVqqQiIhjMxpeT/zmEyrNEnlvRimGgvQl ixklxkqtzq3APun63UrVq3lTuIvEL0gVCjS6la9OL6GZQGkoJ1q3fS81YU6UYZTjuNzJNKaEDkkf25ZKIlCH+fTesXtslZ4bJ8qWNO5U/T2RE6H1SES2UxAz0PPeRPzPa2cmvghzJtPMoKSzRXHGXZO4k+fdH lNIDR9ZQqhi9laXDogi1NiIyjYEf/7lRRKc1i5r/t1ZtX5VpFGCQziCE/DhHOpwAw0IgAKHZ3iFN+fReXHenY9Z65JTzBzAHzifP/Q6j3M=</latexit>
⌦2
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FIG. 1. Three level systems with Λ or ladder shape linkage
approximation (RWA), the Hamiltonian can be written
as
H(Ω) =
1
2
 0 Ω1 0Ω1 0 Ω2
0 Ω2 0
 , (8)
here Ω1 and Ω2 are the amplitudes of the fields which are
the parameters we would like to estimate.
If we take the initial state as |ψin〉, then the output
state is given by |ψΩ〉 = U(Ω, t)|ψin〉, where U(Ω, t) =
e−iH(Ω)t. The SLD operators with respect to Ω1 and Ω2
can be computed as
Li = 2(|∂iψΩ〉〈ψΩ|+ |ψΩ〉〈∂iψΩ|), (9)
where ∂i denotes the partial derivative with respect to the
i-th parameter Ωi, |∂iψΩ〉 = ∂U(Ω,t)∂Ωi |ψin〉. The quantum
Fisher information matrix is then given by
[JΩ]ij =
1
2
Tr(|ψΩ〉〈ψΩ|{Li, Lj})
=2(〈∂iψΩ|∂jψΩ〉+ 〈∂jψΩ|∂iψΩ〉)
+ 4〈∂iψΩ|ψΩ〉〈∂jψΩ|ψΩ〉,
(10)
where [JΩ]ij is the ij-th entry of the quantum Fisher
information matrix. For pure states, the weaker con-
ditions Eq.(5) for saturating the QCRB is reduced to
Im〈∂iψΩ|∂jψΩ〉 = 0, ∀i, j [45, 58].
To optimize the figure of merit, one needs to identify
the optimal probe state and the optimal measurement.
We will first identify the optimal probe state that has the
minimal Tr(J(ϕ)−1), then show the quantum Cramer-
Rao bound given in Eq.(6) can be saturated, ensuring
the optimal figure of merit.
To ease the calculation, we will use the eigenvectors of
the Hamiltonian as a basis. These eigenbasis |Φ0〉, |Φ±〉
and the corresponding eigenvalues Ω0, Ω± of H(Ω) are
as following:
Ω0 : |Φ0〉 = cosϑ|0〉 − sinϑ|2〉,
Ω+ : |Φ+〉 = 1√
2
(sinϑ|0〉+ |1〉+ cosϑ|2〉),
Ω− : |Φ−〉 = 1√
2
(sinϑ|0〉 − |1〉+ cosϑ|2〉),
(11)
3where Ω0 = 0, Ω± = ± 12
√
Ω21 + Ω
2
2, ϑ is the mixing angle
with tanϑ = Ω1/Ω2.
The initial probe state can be written as |ψin〉 =
C0|Φ0〉 + C+|Φ+〉 + C−|Φ−〉, where C0 ∈ R, C± ∈ C
are coefficients to be optimized. Note that this is just a
way to expand the initial probe state in the eigenbasis,
and the initial probe state is fixed once it is chosen. The
output state can now be easily obtained as
|ψΩ〉 = e−iH(Ω)t|ψin〉 =
( ∑
n=0,±
e−iΩnt|Φn〉〈Φn|
)
|ψin〉
=
∑
n=0,±
Cne
−iΩnt|Φn〉.
(12)
The partial derivative of the output state can then be
computed as
|∂iψΩ〉 =
( ∑
n=0,±
∂(e−iΩnt|Φn〉〈Φn|)/∂Ωi
)
|ψin〉
=
∑
n=0,±
[(〈∂iΦn|ψin〉 − itCn∂iΩn)e−iΩnt|Φn〉
+ Cne
−iΩnt|∂iΦn〉].
(13)
This can then be used to get the quantum Fisher infor-
mation matrix via Eq.(10) (see the appendix for detailed
calculations). The quantum Fisher information matrix
turns out to have different behaviours at different time
points. There exist some specific time points at which the
quantum Fisher information matrices are singular while
at other time points the quantum Fisher information ma-
trices are full rank.
Specifically at the time points where Ω+t = 2npi for
n ∈ N, the quantum Fisher information matrix is singu-
lar, which takes the form
JΩ =4t
2(1− C20 − (|C+|2 − |C−|2)2)×(
(∂1Ω+)
2 (∂1Ω+)(∂2Ω+)
(∂2Ω+)(∂1Ω+) (∂2Ω+)
2
)
,
(14)
Intuitively, at these time points U(Ω, t) = e−iH(Ω)t = I,
the dynamics is always the Identity operator as long as
Ω+, which corresponds to the norm of (Ω1,Ω2), takes
the specific value, i.e., one can not tell the differences
between different pairs of Ω1 and Ω2 as long as they have
the same specific norm. This indicates that at these time
points joint estimations of Ω1 and Ω2 are not possible.
At other time points, the entries of the quantum Fisher
information matrix are given by(see the appendix for de-
tailed calculations)
[JΩ]ij =2(〈∂iψΩ|∂jψΩ〉+ 〈∂jψΩ|∂iψΩ〉) + 4〈∂iψΩ|ψΩ〉〈∂jψΩ|ψΩ〉
=(∂iϑ)(∂jϑ)A+ (∂iΩ+)(∂jΩ+)B + ((∂iϑ)(∂jΩ+) + (∂jϑ)(∂iΩ+))C,
(15)
here A = −8C20 Im2M + 4C20 |P |2 + 2|M |2,
B = −4t2 Re2(MN∗)|P |4 + 4t2 − 4C20 t2, C =
−4√2C0ImM Re(MN
∗)
|P |2 t + 2
√
2C0tImN , with
P = e−iΩ+t − 1, M = C∗+P ∗ +C∗−P , N = C∗+P ∗ −C∗−P .
With this it is then straightforward to get
Tr(J−1Ω ) =
((∂1ϑ)(∂1ϑ) + (∂2ϑ)(∂2ϑ))A+ 2((∂1ϑ)(∂1Ω+) + (∂2ϑ)(∂2Ω+))C + ((∂1Ω+)(∂1Ω+) + (∂2Ω+)(∂2Ω+))B
((∂1ϑ)(∂2Ω+)− (∂2ϑ)(∂1Ω+))2(AB − C2)
=
(1/4Ω2+)A+ (1/4)B
(1/16Ω2+)(AB − C2)
=
4A
AB − C2 +
4Ω2+B
AB − C2 .
(16)
In the appendix, we show that the minimal value of
Tr(J−1Ω ) is achieved with the initial probe state taken as
|φin〉 = P∗√2|P | |Φ+〉 + P√2|P | |Φ−〉, with the corresponding
minimal Tr(J−1Ω ) as
min Tr(J−1Ω ) =
1
t2
+
Ω2+
4 sin2(Ω+t/2)
. (17)
It can be checked directly that the weaker commuta-
tive conditions Im〈∂iψΩ|∂jψΩ〉 = 0, ∀i, j, hold in this
case, and thus this minimal value can be saturated by
some proper measurements. For example, one set of the
measurements that saturates the quantum Cramer-Rao
bound can be chosen as Π1 = |γ1〉〈γ1|, Π2 = |γ2〉〈γ2|,
4Π3 = |γ3〉〈γ3| and Π4 = I −Π1 −Π2 −Π3, where
|γ1〉 =|ψΩ〉,
|γ2〉 = |∂1ψΩ〉√〈∂1ψΩ|∂1ψΩ〉 ,
|γ3〉 = 〈∂2ψΩ|γ2〉|γ2〉 − |∂2ψΩ〉√〈∂2ψΩ|∂2ψΩ〉 − 〈∂2ψΩ|γ2〉2 .
(18)
IV. COMPARISON BETWEEN THE JOINT
ESTIMATION AND THE SEPARATE
ESTIMATION
We compare the performances of the joint estimation
with the separate estimation. The separate estimation
is to estimate Ω1 and Ω2 separately. For each round of
experiments, one can use the dynamical decoupling to
remove one of the fields, and reduce the problem to the
single parameter estimation. For example, by applying
periodic pi-pulses along the direction (|0〉〈1| + |1〉〈0|)/2,
one can remove Ω2 in the Hamiltonian and get the effec-
tive Hamiltonian as H = Ω1H1 = Ω1(|0〉〈1| + |1〉〈0|)/2.
The quantum Fisher information (QFI) for the single pa-
rameter, which has been studied extensively [21, 22], is
given by
J(ρ(t)) = 4t2
(
Tr(ρinH
2
1 )− (Tr(ρinH1)2)
)
, (19)
where ρin is the input state. The optimal input state that
maximizes the quantum Fisher information is [21, 22]
|ψin〉 = 1√
2
(|λmin〉+ |λmax〉), (20)
where λmin and λmax are the minimal and maximal eigen-
values of H1 with |λmin〉 and |λmax〉 denoting the corre-
sponding eigenstates. For H1 = (|0〉〈1| + |1〉〈0|)/2, the
maximal QFI is J = t2. Similarly, the maximal QFI for
the separate estimation of Ω2 is also J = t
2.
For comparison, we assume that the experiments are
repeated m times for the estimation of each parameter
in the separate estimation. For the joint estimation, the
experiments are repeated 2m times so the total number
of experiments are the same. The quantum Crame´r-Rao
bound for the joint estimation is given by
Tr(Cov(Ωˆ)) ≥ 1
2m
Tr(J−1Ω )
=
1
2mt2
+
Ω2+
8m sin2(Ω+t/2)
.
(21)
For the separate estimation, the minimal variance given
by the quantum Cramer-Rao bound is V ar(Ωˆi) ≥ 1mt2 ,
i ∈ {1, 2}. The total variance is
Tr(Cov(Ωˆ)) = V ar(Ωˆ1) + V ar(Ωˆ2) ≥ 2
mt2
. (22)
The performances of the two schemes can be seen
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FIG. 2. Comparison of joint estimation (solid line) of multiple
frequencies with the separate estimation (dashed line), where
the x-axis is Ω+t and y-axis is the total variance V ar(Ωˆ1) +
V ar(Ωˆ2). (Without loss of generality, here we set Ω+ = 0.1
and m = 1.) The dotted vertical line shows the difference
between these two schemes at the point of Ω+t = pi/2.
in FIG.2, which shows that in the short time regime
the joint estimation outperforms the separate estimation
while in the long time regime the joint estimation under-
performs the separate estimation.
V. ESTIMATION WITH THE ADAPTIVE
CONTROL
So far we considered the highest precision achievable by
optimizing the probe state and the measurement, while
assuming the dynamics is fixed as U(Ω, t) = e−iH(Ω)t. In
practice, however, additional controls can often be added
during the evolutions as depicted in FIG. 4, where the
total evolution time t has been divided into N intervals
with dt = t/N and the adaptive controls U1, U2, ..., UN
are added sequentially. For such control-enhanced se-
quential scheme, it has been shown that for any unitary
evolution U(Ω, t) = e−iH(Ω)t, the optimal controls are
given by U1 = U2 = · · · = UN = U†(Ω, dt), where Ω
is the true value of the parameter[50]. In practice, the
true value is not known a priori, so the controls can only
be taken as U1 = U2 = · · · = UN = U†(Ωˆ, dt), with Ωˆ
being the estimated value and need to be updated adap-
tively when more data are collected. When the estimated
value is close to the true value, the total evolution can
be described as
(U1Udt)
N = (eiH(Ωˆ)dte−iH(Ω)dt)N
≈ [(I + iH(Ωˆ)dt)(I − iH(Ω)dt)]N
≈ (I − i(H(Ω− Ωˆ))dt)N
≈ e−iH(Ω−Ωˆ)t,
(23)
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FIG. 3. The variation of the total variance at time t = 5
with respect to the estimation error. Here the x-axis is the
estimation error, ∆Ω+ ≡
√
(Ω1 − Ωˆ1)2 + (Ω2 − Ωˆ2)2, y-axis
is the inverse of the total variance (V ar(Ωˆ1) + V ar(Ωˆ2))
−1.
It shows that the total variance is quite robust against the
estimation error, it changes quite slowly with the estimation
error.
Therefore, the effective Hamiltonian of the total dynam-
ics isH(Ω−Ωˆ). While the estimator is being updated, the
change of the total variance is depicted in FIG. 3. It can
be seen that the total variance is quite robust against the
estimation error. Asymptotically, when the estimated
value converges to the true value, i.e., Ωˆ = Ω, the adap-
tive control converges to the optimal control and the
problem reduces to the joint estimation of Ω = (Ω1,Ω2)
at the point (0, 0). At this point the optimal probe state
is |ψopt〉 = |1〉, and the total variance can be obtained by
taking the limit Ω+ → 0 in Eq.(21) as
Tr(Cov(Ωˆ)) =
1
mt2
, (24)
which always has a 2-fold improvement over the sepa-
rate estimation. By taking the limit (Ω1,Ω2) → (0, 0)
in Eq.(18), one can verify that the optimal measure-
ment saturating the QCRB can be chosen as M ≡
{|0〉〈0|, |1〉〈1|, |2〉〈2|}.
When ∆Ω ≡ (∆Ω1,∆Ω2) = (Ω1− Ωˆ1,Ω2− Ωˆ2) are not
zero, the dynamics has the effective Hamiltonian H(∆Ω),
the total variance can be directly obtained from Eq.(21)
as
Tr(Cov(Ωˆ))
=
1
2mt2
+
∆Ω21 + ∆Ω
2
2
8m sin2(
√
∆Ω21 + ∆Ω
2
2t/2)
=
1
mt2
+
∆Ω21 + ∆Ω
2
2
24m
+O(∆Ω4).
(25)
To see how quickly Ωˆ approaches its true value under
the adaptive control, we perform a numerical simulation
of the adaptive estimation as follows:
⇢in
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⇢out'
<latexit sha1_base64="Ueo/uG40Vr/+eNQqcdOO6wpYIgA=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWsLbQxDCZTpqhk5kwMynUE PwVNy5U3Poh7vwbp20W2nrgwuGce7n3njBlVGnH+bYqS8srq2vV9drG5tb2jr27d69EJjFpY8GE7IZIEUY5aWuqGemmkqAkZKQTDq8nfmdEpKKC3+lxSvwEDTiNKEbaSIF94MlYPOQi00WQeyMk05gWgV13Gs4UcJG4JamDEq3A/vL6AmcJ4RozpFTPdVLt50hqihkpal6mSIrwEA1Iz1COEqL8fHp9AY+N0oeRkKa 4hlP190SOEqXGSWg6E6RjNe9NxP+8XqajCz+nPM004Xi2KMoY1AJOooB9KgnWbGwIwpKaWyGOkURYm8BqJgR3/uVF0j5tXDbc27N686pMowoOwRE4AS44B01wA1qgDTB4BM/gFbxZT9aL9W59zForVjmzD/7A+vwBGM2V1w==</latexit><latexit sha1_base64="Ueo/uG40Vr/+eNQqcdOO6wpYIgA=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWsLbQxDCZTpqhk5kwMynUE PwVNy5U3Poh7vwbp20W2nrgwuGce7n3njBlVGnH+bYqS8srq2vV9drG5tb2jr27d69EJjFpY8GE7IZIEUY5aWuqGemmkqAkZKQTDq8nfmdEpKKC3+lxSvwEDTiNKEbaSIF94MlYPOQi00WQeyMk05gWgV13Gs4UcJG4JamDEq3A/vL6AmcJ4RozpFTPdVLt50hqihkpal6mSIrwEA1Iz1COEqL8fHp9AY+N0oeRkKa 4hlP190SOEqXGSWg6E6RjNe9NxP+8XqajCz+nPM004Xi2KMoY1AJOooB9KgnWbGwIwpKaWyGOkURYm8BqJgR3/uVF0j5tXDbc27N686pMowoOwRE4AS44B01wA1qgDTB4BM/gFbxZT9aL9W59zForVjmzD/7A+vwBGM2V1w==</latexit><latexit sha1_base64="Ueo/uG40Vr/+eNQqcdOO6wpYIgA=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWsLbQxDCZTpqhk5kwMynUE PwVNy5U3Poh7vwbp20W2nrgwuGce7n3njBlVGnH+bYqS8srq2vV9drG5tb2jr27d69EJjFpY8GE7IZIEUY5aWuqGemmkqAkZKQTDq8nfmdEpKKC3+lxSvwEDTiNKEbaSIF94MlYPOQi00WQeyMk05gWgV13Gs4UcJG4JamDEq3A/vL6AmcJ4RozpFTPdVLt50hqihkpal6mSIrwEA1Iz1COEqL8fHp9AY+N0oeRkKa 4hlP190SOEqXGSWg6E6RjNe9NxP+8XqajCz+nPM004Xi2KMoY1AJOooB9KgnWbGwIwpKaWyGOkURYm8BqJgR3/uVF0j5tXDbc27N686pMowoOwRE4AS44B01wA1qgDTB4BM/gFbxZT9aL9W59zForVjmzD/7A+vwBGM2V1w==</latexit><latexit sha1_base64="Ueo/uG40Vr/+eNQqcdOO6wpYIgA=">AAAB/HicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWsLbQxDCZTpqhk5kwMynUE PwVNy5U3Poh7vwbp20W2nrgwuGce7n3njBlVGnH+bYqS8srq2vV9drG5tb2jr27d69EJjFpY8GE7IZIEUY5aWuqGemmkqAkZKQTDq8nfmdEpKKC3+lxSvwEDTiNKEbaSIF94MlYPOQi00WQeyMk05gWgV13Gs4UcJG4JamDEq3A/vL6AmcJ4RozpFTPdVLt50hqihkpal6mSIrwEA1Iz1COEqL8fHp9AY+N0oeRkKa 4hlP190SOEqXGSWg6E6RjNe9NxP+8XqajCz+nPM004Xi2KMoY1AJOooB9KgnWbGwIwpKaWyGOkURYm8BqJgR3/uVF0j5tXDbc27N686pMowoOwRE4AS44B01wA1qgDTB4BM/gFbxZT9aL9W59zForVjmzD/7A+vwBGM2V1w==</latexit>
U1
<latexit sha1_base64="ceHZK501uLpRDpMOz3sJ0395b8M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO 8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrp3u95vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9 qfif18kwugxyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBgN4hld4c6Tz4rw7H/PWklPMHMIfOJ8/REaNUQ==</latexit><latexit sha1_base64="ceHZK501uLpRDpMOz3sJ0395b8M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO 8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrp3u95vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9 qfif18kwugxyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBgN4hld4c6Tz4rw7H/PWklPMHMIfOJ8/REaNUQ==</latexit><latexit sha1_base64="ceHZK501uLpRDpMOz3sJ0395b8M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO 8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrp3u95vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9 qfif18kwugxyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBgN4hld4c6Tz4rw7H/PWklPMHMIfOJ8/REaNUQ==</latexit><latexit sha1_base64="ceHZK501uLpRDpMOz3sJ0395b8M=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO 8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrp3u95vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9 qfif18kwugxyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BC8xZeXiX9Wv6p7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBgN4hld4c6Tz4rw7H/PWklPMHMIfOJ8/REaNUQ==</latexit>
'ˆ
<latexit sha1_base64="QXDhwbpL5iNd8RrpDms2m1s0BFo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjBaaUDbbTbN0s4m7k0IJ/R1ePKh49c9489+4bXPQ1gcDj/dmmJkXZoJrdJxvq7Kyura+Ud2sbW3v7O7V9w8edJoryjyailR1QqKZ4JJ5yFGwTqYYSULBHsPhzdR/HDGleSrvcZyxIC EDySNOCRop8GOChT8iKov5pFdvOE1nBnuZuCVpQIl2r/7l91OaJ0wiFUTrrutkGBREIaeCTWp+rllG6JAMWNdQSRKmg2J29MQ+MUrfjlJlSqI9U39PFCTRepyEpjMhGOtFbyr+53VzjC6DgsssRybpfFGUCxtTe5qA3eeKURRjQwhV3Nxq05goQtHkVDMhuIsvLxPvrHnVdO/OG63rMo0qHMExnIILF9CCW2iDBxSe4Ble4c0aWS/Wu/Uxb61Y5cwh/IH1+QO9x5JH</latexit><latexit sha1_base64="QXDhwbpL5iNd8RrpDms2m1s0BFo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjBaaUDbbTbN0s4m7k0IJ/R1ePKh49c9489+4bXPQ1gcDj/dmmJkXZoJrdJxvq7Kyura+Ud2sbW3v7O7V9w8edJoryjyailR1QqKZ4JJ5yFGwTqYYSULBHsPhzdR/HDGleSrvcZyxIC EDySNOCRop8GOChT8iKov5pFdvOE1nBnuZuCVpQIl2r/7l91OaJ0wiFUTrrutkGBREIaeCTWp+rllG6JAMWNdQSRKmg2J29MQ+MUrfjlJlSqI9U39PFCTRepyEpjMhGOtFbyr+53VzjC6DgsssRybpfFGUCxtTe5qA3eeKURRjQwhV3Nxq05goQtHkVDMhuIsvLxPvrHnVdO/OG63rMo0qHMExnIILF9CCW2iDBxSe4Ble4c0aWS/Wu/Uxb61Y5cwh/IH1+QO9x5JH</latexit><latexit sha1_base64="QXDhwbpL5iNd8RrpDms2m1s0BFo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjBaaUDbbTbN0s4m7k0IJ/R1ePKh49c9489+4bXPQ1gcDj/dmmJkXZoJrdJxvq7Kyura+Ud2sbW3v7O7V9w8edJoryjyailR1QqKZ4JJ5yFGwTqYYSULBHsPhzdR/HDGleSrvcZyxIC EDySNOCRop8GOChT8iKov5pFdvOE1nBnuZuCVpQIl2r/7l91OaJ0wiFUTrrutkGBREIaeCTWp+rllG6JAMWNdQSRKmg2J29MQ+MUrfjlJlSqI9U39PFCTRepyEpjMhGOtFbyr+53VzjC6DgsssRybpfFGUCxtTe5qA3eeKURRjQwhV3Nxq05goQtHkVDMhuIsvLxPvrHnVdO/OG63rMo0qHMExnIILF9CCW2iDBxSe4Ble4c0aWS/Wu/Uxb61Y5cwh/IH1+QO9x5JH</latexit><latexit sha1_base64="QXDhwbpL5iNd8RrpDms2m1s0BFo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqLeiF48VjBaaUDbbTbN0s4m7k0IJ/R1ePKh49c9489+4bXPQ1gcDj/dmmJkXZoJrdJxvq7Kyura+Ud2sbW3v7O7V9w8edJoryjyailR1QqKZ4JJ5yFGwTqYYSULBHsPhzdR/HDGleSrvcZyxIC EDySNOCRop8GOChT8iKov5pFdvOE1nBnuZuCVpQIl2r/7l91OaJ0wiFUTrrutkGBREIaeCTWp+rllG6JAMWNdQSRKmg2J29MQ+MUrfjlJlSqI9U39PFCTRepyEpjMhGOtFbyr+53VzjC6DgsssRybpfFGUCxtTe5qA3eeKURRjQwhV3Nxq05goQtHkVDMhuIsvLxPvrHnVdO/OG63rMo0qHMExnIILF9CCW2iDBxSe4Ble4c0aWS/Wu/Uxb61Y5cwh/IH1+QO9x5JH</latexit>
Udt
<latexit sha1_base64="zN1YwVy6DKWFn4Wg5WeB4Il2TpE=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vb04rGCaQttKJvNtl272Q27E6GE/ gcvHlS8+oO8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdoqb+/s7u1XDg6bRmWasoAqoXQ7IoYJLlmAHAVrp5qRJBKsFY1up37riWnDlXzAccrChAwk73NK0ErNoJfHOOlVql7Nm8FdJn5BqlCg0at8dWNFs4RJpIIY0/G9FMOcaORUsEm5mxmWEjoiA9axVJKEmTCfXTtxT60Su32lbUl0Z+rviZwkxoyTyHY mBIdm0ZuK/3mdDPtXYc5lmiGTdL6onwkXlTt93Y25ZhTF2BJCNbe3unRINKFoAyrbEPzFl5dJcF67rvn3F9X6TZFGCY7hBM7Ah0uowx00IAAKj/AMr/DmKOfFeXc+5q0rTjFzBH/gfP4AK1SPDg==</latexit><latexit sha1_base64="zN1YwVy6DKWFn4Wg5WeB4Il2TpE=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vb04rGCaQttKJvNtl272Q27E6GE/ gcvHlS8+oO8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdoqb+/s7u1XDg6bRmWasoAqoXQ7IoYJLlmAHAVrp5qRJBKsFY1up37riWnDlXzAccrChAwk73NK0ErNoJfHOOlVql7Nm8FdJn5BqlCg0at8dWNFs4RJpIIY0/G9FMOcaORUsEm5mxmWEjoiA9axVJKEmTCfXTtxT60Su32lbUl0Z+rviZwkxoyTyHY mBIdm0ZuK/3mdDPtXYc5lmiGTdL6onwkXlTt93Y25ZhTF2BJCNbe3unRINKFoAyrbEPzFl5dJcF67rvn3F9X6TZFGCY7hBM7Ah0uowx00IAAKj/AMr/DmKOfFeXc+5q0rTjFzBH/gfP4AK1SPDg==</latexit><latexit sha1_base64="zN1YwVy6DKWFn4Wg5WeB4Il2TpE=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vb04rGCaQttKJvNtl272Q27E6GE/ gcvHlS8+oO8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdoqb+/s7u1XDg6bRmWasoAqoXQ7IoYJLlmAHAVrp5qRJBKsFY1up37riWnDlXzAccrChAwk73NK0ErNoJfHOOlVql7Nm8FdJn5BqlCg0at8dWNFs4RJpIIY0/G9FMOcaORUsEm5mxmWEjoiA9axVJKEmTCfXTtxT60Su32lbUl0Z+rviZwkxoyTyHY mBIdm0ZuK/3mdDPtXYc5lmiGTdL6onwkXlTt93Y25ZhTF2BJCNbe3unRINKFoAyrbEPzFl5dJcF67rvn3F9X6TZFGCY7hBM7Ah0uowx00IAAKj/AMr/DmKOfFeXc+5q0rTjFzBH/gfP4AK1SPDg==</latexit><latexit sha1_base64="zN1YwVy6DKWFn4Wg5WeB4Il2TpE=">AAAB7HicbVBNS8NAEJ34WetX1aOXYBE8lUQE9Vb04rGCaQttKJvNtl272Q27E6GE/ gcvHlS8+oO8+W/ctjlo64OBx3szzMyLUsENet63s7K6tr6xWdoqb+/s7u1XDg6bRmWasoAqoXQ7IoYJLlmAHAVrp5qRJBKsFY1up37riWnDlXzAccrChAwk73NK0ErNoJfHOOlVql7Nm8FdJn5BqlCg0at8dWNFs4RJpIIY0/G9FMOcaORUsEm5mxmWEjoiA9axVJKEmTCfXTtxT60Su32lbUl0Z+rviZwkxoyTyHY mBIdm0ZuK/3mdDPtXYc5lmiGTdL6onwkXlTt93Y25ZhTF2BJCNbe3unRINKFoAyrbEPzFl5dJcF67rvn3F9X6TZFGCY7hBM7Ah0uowx00IAAKj/AMr/DmKOfFeXc+5q0rTjFzBH/gfP4AK1SPDg==</latexit>
UN
<latexit sha1_base64="/MwUieUSuV4p4TDs140Gs+Fuw8Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL56korGFNpTNdtIu3WzC7kYoo T/BiwcVr/4jb/4bt20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrlY3Nre2d6u7eg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR1dRvPaLSPJH3ZpxiENOB5BFn1Fjpzu/d9Ko1t+7OQP4SryA1KNDsVT+7/YRlMUrDBNW647mpCXKqDGcCJ5VupjGlbEQH2LFU0hh1kM9OnZAjq/RJlChb0pCZ+nMip7HW4zi0nTE 1Q73oTcX/vE5movMg5zLNDEo2XxRlgpiETP8mfa6QGTG2hDLF7a2EDamizNh0KjYEb/Hlv8Q/qV/UvdvTWuOySKMMB3AIx+DBGTTgGprgA4MBPMELvDrCeXbenPd5a8kpZvbhF5yPb3AdjW4=</latexit><latexit sha1_base64="/MwUieUSuV4p4TDs140Gs+Fuw8Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL56korGFNpTNdtIu3WzC7kYoo T/BiwcVr/4jb/4bt20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrlY3Nre2d6u7eg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR1dRvPaLSPJH3ZpxiENOB5BFn1Fjpzu/d9Ko1t+7OQP4SryA1KNDsVT+7/YRlMUrDBNW647mpCXKqDGcCJ5VupjGlbEQH2LFU0hh1kM9OnZAjq/RJlChb0pCZ+nMip7HW4zi0nTE 1Q73oTcX/vE5movMg5zLNDEo2XxRlgpiETP8mfa6QGTG2hDLF7a2EDamizNh0KjYEb/Hlv8Q/qV/UvdvTWuOySKMMB3AIx+DBGTTgGprgA4MBPMELvDrCeXbenPd5a8kpZvbhF5yPb3AdjW4=</latexit><latexit sha1_base64="/MwUieUSuV4p4TDs140Gs+Fuw8Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL56korGFNpTNdtIu3WzC7kYoo T/BiwcVr/4jb/4bt20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrlY3Nre2d6u7eg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR1dRvPaLSPJH3ZpxiENOB5BFn1Fjpzu/d9Ko1t+7OQP4SryA1KNDsVT+7/YRlMUrDBNW647mpCXKqDGcCJ5VupjGlbEQH2LFU0hh1kM9OnZAjq/RJlChb0pCZ+nMip7HW4zi0nTE 1Q73oTcX/vE5movMg5zLNDEo2XxRlgpiETP8mfa6QGTG2hDLF7a2EDamizNh0KjYEb/Hlv8Q/qV/UvdvTWuOySKMMB3AIx+DBGTTgGprgA4MBPMELvDrCeXbenPd5a8kpZvbhF5yPb3AdjW4=</latexit><latexit sha1_base64="/MwUieUSuV4p4TDs140Gs+Fuw8Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FL56korGFNpTNdtIu3WzC7kYoo T/BiwcVr/4jb/4bt20OWn0w8Hhvhpl5YSq4Nq775ZSWlldW18rrlY3Nre2d6u7eg04yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR1dRvPaLSPJH3ZpxiENOB5BFn1Fjpzu/d9Ko1t+7OQP4SryA1KNDsVT+7/YRlMUrDBNW647mpCXKqDGcCJ5VupjGlbEQH2LFU0hh1kM9OnZAjq/RJlChb0pCZ+nMip7HW4zi0nTE 1Q73oTcX/vE5movMg5zLNDEo2XxRlgpiETP8mfa6QGTG2hDLF7a2EDamizNh0KjYEb/Hlv8Q/qV/UvdvTWuOySKMMB3AIx+DBGTTgGprgA4MBPMELvDrCeXbenPd5a8kpZvbhF5yPb3AdjW4=</latexit>
FIG. 4. Sequential unitary control
1. Choose an initial estimation, either randomly or
based on some prior knowledge, as (Ωˆ
(0)
1 , Ωˆ
(0)
2 ), and
construct the control, U†(Ωˆ(0), dt).
2. Choose the initial state as |1〉, and let the system
evolve for a period of time t, perform the projective
measurement, M = {|0〉〈0|, |1〉〈1|, |2〉〈2|}, on the
state. Repeat the step for k = 30 times
3. Based on all the collected measurement results, use
the maximum likelihood estimator to update the
estimation to (Ωˆ
(1)
1 , Ωˆ
(1)
2 ), then update the control
based on the new estimation.
4. Repeat Steps 2-3.
The probe state and the measurement we choose in
Step 2 is the optimal probe state and optimal measure-
ment under the optimally controlled scheme. When the
estimator approaches the true value, the adaptive scheme
converges to the optimal scheme. It can be seen from
FIG. 5(a) and (b) that after just a few iterations, the
estimators are already close to the true value. FIG. 5(c)
shows that just after a couple of iteration, the controlled
scheme already outperforms the uncontrolled schemes,
and after a few iterations the precision under the adap-
tive control already close to the highest precision achiev-
able under the optimally controlled scheme.
VI. EXTENSION TO MULTIPLE LEVELS
The advantage of the joint estimation with adaptive
controls can be extended to systems with more levels.
Considering the system with l + 1 levels as shown in
FIG.6, we would like to estimate l Rabi frequencies be-
tween |0〉 and the other l energy eigenstates. In this case
the Hamiltonian can be written as Hl(Ω) =
∑l
i=1 ΩiEi,
Ei = (|0〉〈i| + |i〉〈0|)/2, where the Rabi frequencies
(Ω1,Ω2, ...,Ωl) are the parameters to be estimated. For
separate estimation, the quantum Fisher information for
each parameter is J = t2. If the experiment is repeated
m times for each parameter, the total variance becomes
l∑
i=1
V ar(Ωˆi) ≥
l∑
i=1
1
mt2
=
l
mt2
. (26)
For the joint estimation, by using the optimal adap-
tive control U1 = U2 = · · · = UN = eiHl(Ωˆ)dt as described
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FIG. 5. Precision of the estimations at time t = 5 after dif-
ferent adaptive steps. The true values of the parameters are
Ω1 = 0.3, Ω2 = 0.7. The x-axis is the adapting steps. For
subfigures (a) and (b), the y-axes are values of the estimators
Ωˆ1 and Ωˆ2 respectively. The y-axis of subfigure (c) is the nor-
malized total variance, i.e. (mV ar(Ωˆ1)+mV ar(Ωˆ2))
−1 where
m = 30n with n as the adapting steps. The dotted, dash-
dotted and dashed lines in (c) represent the total variance for
the optimal separate estimation, the optimal joint estimations
without control and the optimal joint estimation with control
respectively. The four solid lines correspond to four differ-
ent adaptive trajectories with four different initial guesses of
the parameters, (Ωˆ1, Ωˆ2) = (0, 0), (0.5, 0.5), (1, 1), (0.63, 0.39)
respectively.
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FIG. 6. l+1 energy levels with linkages from one to the other
l levels.
in FIG.4 and choosing the initial state as |ψin〉 = |0〉,
we can obtain the quantum Fisher information matrix as
[JΩ]ij = t
2δij . In this case, the weaker commutative con-
dition holds, and thus the quantum Cramer-Rao bound
can be saturated. For comparison with the separate es-
timation, suppose the experiments are repeated for the
same total number of times, which is lm times, then the
total variance for the joint estimation is
l∑
i=1
V ar(Ωˆi) = Tr(Cov(Ωˆ) ≥ 1
lm
Tr(J−1) =
1
mt2
, (27)
which has an l-fold improvement over the separate esti-
mation. Furthermore, if we consider the highest precision
achievable for each parameter with the total number of
lm experiments, it should be V ar(Ωˆi) ≥ 1lmt2 . It is gener-
ally believed that the highest precision can not be achiev-
able simultaneously for all l parameters as the optimal
probe state and the optimal measurement for different
parameters are typically incompatible. However, from
Eq.(27) we can see that in this case the joint estimation
under the adaptive control actually achieves the highest
precision for all l parameters simultaneously. No trade-
offs among the precisions of different parameter need to
be made. Intuitively, it can be understood that for the
estimation of each parameter Ωi, the state |0〉 is the opti-
mal state. Without adaptive controls, however, this state
is only optimal at the beginning. It will evolve to differ-
ent states which are no longer optimal. The adaptive
controls, on the other hand, can keep the state at the
optimal point, thus achieves the highest precision for all
parameters simultaneously.
VII. CONCLUSION
We have explicitly obtained the optimal probe states
and measurements for the joint estimation of multiple
Rabi frequencies, and compared with the separate esti-
mation. These results show that without adaptive con-
trols there exist some time points at which the two Rabi
frequencies in a three-level system can not be jointly esti-
mated. There also exist different regimes where joint esti-
mation can either outperform or under-perform separate
estimation. However, with additional adaptive controls,
the joint estimation can always outperform the separate
estimation. This adds concrete results to the literature
on the optimal performance of multi-parameter quantum
estimation.
Appendix A: Optimal probe state for the joint
estimation of two Rabi frequencies
We write the pure input state in the eigenbasis of the
Hamiltonian H as |ψin〉 = C0|Φ0〉 + C+|Φ+〉 + C−|Φ−〉,
where C0 ∈ R, C± ∈ C are coefficients to be optimized.
7The evolution of the input state is described by the uni-
tary operator U = e−iH(Ω)t. Therefore the output state
is
|ψΩ〉 = e−iH(Ω)t|ψin〉 =
( ∑
n=0,±
e−iΩnt|Φn〉〈Φn|
)
|ψin〉.
(A1)
The partial derivative of the state with respect to the
i-th parameter Ωi is given by
|∂iψΩ〉 =
( ∑
n=0,±
∂(e−iΩnt|Φn〉〈Φn|)/∂Ωi
)
|ψin〉
=
∑
n=0,±
(〈∂iΦn|ψin〉 − itCn∂iΩn)e−iΩnt|Φn〉
+ Cne
−iΩnt|∂iΦn〉,
(A2)
Note that
|∂iΦ0〉 =− 1√
2
(∂iϑ)(|Φ+〉+ |Φ−〉)
|∂iΦ±〉 = 1√
2
(∂iϑ)|Φ0〉,
(A3)
hence
〈∂iΦ0|ψin〉 =− 1√
2
(∂iϑ)(C+ + C−)
〈∂iΦ±|ψin〉 = 1√
2
(∂iϑ)C0.
(A4)
Substituting (A4) back to (A2), we can get the explicit
form of |∂iψΩ〉 expanded by the eigenbasis of H:
|∂iψΩ〉 = 1√
2
(∂iϑ)
[
C+(e
−iΩ+t − 1) + C−(e−iΩ−t − 1)
] |Φ0〉
+
[
−itC+(∂iΩ+)e−iΩ+t + 1√
2
C0(∂iϑ)(e
−iΩ+t − 1)
]
|Φ+〉
+
[
−itC−(∂iΩ−)e−iΩ−t + 1√
2
C0(∂iϑ)(e
−iΩ−t − 1)
]
|Φ−〉,
(A5)
where i = 1, 2, and
∂1ϑ =
∂ϑ
∂Ω1
=
Ω2
4Ω2+
, ∂2ϑ =
∂ϑ
∂Ω2
= − Ω1
4Ω2+
∂1Ω+ =
∂Ω+
∂Ω1
=
Ω1
4Ω+
, ∂2Ω+ =
∂Ω+
∂Ω2
=
Ω2
4Ω+
.
(A6)
Recall that the SLD operators for the pure state |ψΩ〉
can be calculated by Li = 2(|∂iψΩ〉〈ψΩ| + |ψΩ〉〈∂iψΩ|),
i = 1, 2. Thus the entries of SLD Fisher information
matrix can be calculated by
[JΩ]ij =
1
2
Tr(|ψΩ〉〈ψΩ|{Li, Lj})
=2(〈∂iψΩ|∂jψΩ〉+ 〈∂jψΩ|∂iψΩ〉)
+ 4〈∂iψΩ|ψΩ〉〈∂jψΩ|ψΩ〉,
(A7)
Denote P = e−iΩ+t − 1, M = C∗+P ∗ + C∗−P , N =
C∗+P
∗ − C∗−P . First we consider when P = 0. In this
case,
〈∂iψΩ|ψΩ〉 = it(∂iΩ+)(|C+|2 − |C−|2), (A8)
〈∂iψΩ|∂jψΩ〉 = (∂iΩ+)(∂jΩ+)t2(1− C20 ). (A9)
Substituting them to (A7), we can get the QFIM as
JΩ =4t
2(1− C20 − (|C+|2 − |C−|2)2)×(
(∂1Ω+)
2 (∂1Ω+)(∂2Ω+)
(∂2Ω+)(∂1Ω+) (∂2Ω+)
2
)
.
(A10)
It can be easily seen that the QFIM is singular, indicating
that we cannot estimate Ω1 and Ω2 simultaneously.
When P 6= 0, we have
〈∂iψΩ|ψΩ〉 =i
√
2(∂iϑ)C0Im
[
(C∗+P
∗ + C∗−P )
]
+ it(∂iΩ+)(|C+|2 − |C−|2)
=i
√
2(∂iϑ)C0ImM + it(∂iΩ+)
Re(MN∗)
|P |2 ,
(A11)
and
8〈∂iψΩ|∂jψΩ〉 =(∂iΩ+)(∂jΩ+)t2 + ((∂iϑ)(∂jϑ)|P |2 − (∂iΩ+)(∂jΩ+)t2)C20 +
1
2
(∂iϑ)(∂jϑ)|C∗+P ∗ + C∗−P |2
+ i
1√
2
(∂iΩ+)(∂jϑ)tC0(C
∗
−P − C∗+P ∗) + i
1√
2
(∂jΩ+)(∂iϑ)tC0(C+P − C−P ∗)
=(∂iΩ+)(∂jΩ+)t
2 + ((∂iϑ)(∂jϑ)|P |2 − (∂iΩ+)(∂jΩ+)t2)C20 +
1
2
(∂iϑ)(∂jϑ)|M |2
+ i
−1√
2
(∂iΩ+)(∂jϑ)tC0N + i
1√
2
(∂jΩ+)(∂iϑ)tC0N
∗.
(A12)
where Rex and Imx denote the real and imaginary parts of x respectively. Substituting (A11) and (A12) back to
(A7), we can get
[JΩ]ij =2(〈∂iψΩ|∂jψΩ〉+ 〈∂jψΩ|∂iψΩ〉) + 4〈∂iψΩ|ψΩ〉〈∂jψΩ|ψΩ〉
=(∂iϑ)(∂jϑ)
(−8C20 Im2M + 4C20 |P |2 + 2|M |2)+ (∂iΩ+)(∂jΩ+)(−4t2 Re2(MN∗)|P |4 + 4t2 − 4C20 t2
)
+ ((∂iϑ)(∂jΩ+) + (∂jϑ)(∂iΩ+))
(
−4
√
2C0ImM
Re(MN∗)
|P |2 t+ 2
√
2C0tImN
)
=(∂iϑ)(∂jϑ)A+ (∂iΩ+)(∂jΩ+)B + ((∂iϑ)(∂jΩ+) + (∂jϑ)(∂iΩ+))C,
(A13)
where A = −8C20 Im2M + 4C20 |P |2 + 2|M |2, B = −4t2 Re
2(MN∗)
|P |4 + 4t
2 − 4C20 t2, C =
−4√2C0ImM Re(MN
∗)
|P |2 t+ 2
√
2C0tImN . It then straight-
forward to get
Tr(J−1Ω ) =
((∂Pϑ)(∂Pϑ) + (∂Sϑ)(∂Sϑ))A+ 2((∂Pϑ)(∂PΩ+) + (∂Sϑ)(∂SΩ+))C + ((∂PΩ+)(∂PΩ+) + (∂SΩ+)(∂SΩ+))B
((∂Pϑ)(∂SΩ+)− (∂Sϑ)(∂PΩ+))2(AB − C2)
=
(1/4Ω2+)A+ (1/4)B
(1/16Ω2+)(AB − C2)
=
4A+ 4Ω2+B
AB − C2 .
(A14)
Since |M |2 + |N |2 = 2|P |2(1− C20 ), we can let
M =
√
2|P |2(1− C20 )eiα cos θ,
N =
√
2|P |2(1− C20 )eiβ sin θ.
(A15)
Then
A =4|P |2C20 + 4|P |2(1− C20 ) cos2 θ
− 16|P |2C20 (1− C20 ) cos2 θ sin2 α,
B =4t2(1− C20 )− 4t2(1− C20 )2 sin2 2θ cos2(α− β).
(A16)
With this we are going to show that
A
AB − C2 ≥
1
4t2
and
B
AB − C2 ≥
1
4|P |2 .
To show
A
AB − C2 ≥
1
4t2
, we note that
A
AB − C2 −
1
4t2
=
4t2A− (AB − C2)
4t2(AB − C2)
≥ A(4t
2 −B)
4t2(AB − C2) .
(A17)
From the fact that the quantum Fisher information ma-
trix is positive semidefinite, we can obtain AB−C2 ≥ 0.
Also
A ≥4|P |2C20 cos2 θ + 4|P |2(1− C20 ) cos2 θ
− 16|P |2C20 (1− C20 ) cos2 θ sin2 α
≥4|P |2 cos2 θ − 4|P |2 cos2 θ sin2 α ≥ 0,
(A18)
where we used the fact 4C20 (1− C20 ) ≤ 1, and
4t2 −B = 4t2C20 + 4t2(1− C20 )2 sin2 2θ cos2(α− β) ≥ 0.
(A19)
9Thus AAB−C2 − 14t2 ≥ 0. The equality can be saturated
when C = 0 and B = 4t2.
To show
B
AB − C2 ≥
1
4|P |2 , we note that
B
AB − C2 −
1
4|P |2 =
4|P |2B − (AB − C2)
4|P |2(AB − C2)
≥ B(4|P |
2 −A)
4|P |2(AB − C2) .
(A20)
Since
B ≥ 4t2(1− C20 )− 4t2(1− C20 )2 = 4t2C20 (1− C20 ) ≥ 0,
(A21)
and
4|P |2 −A
=4|P |2(1− C20 )(1− cos2 θ)
+ 16|P |2C20 (1− C20 ) cos2 θ sin2 α
≥0.
(A22)
Thus BAB−C2 − 14|P |2 ≥ 0 and the equality can be satu-
rated when C = 0 and A = 4|P |2.
With AAB−C2 ≥
1
4t2
and BAB−C2 ≥ 14|P |2 , it is then
easy to see that
Tr(J−1Ω ) =
4A+ 4Ω2+B
AB − C2
≥ 1
t2
+
Ω2+
|P |2
=
1
t2
+
Ω2+
4 sin2(Ω+t/2)
,
(A23)
where the equality can be achieved with A = 4|P |2, B =
4t2 and C = 0. It is straightforward to check that when
the input state takes the form |ψin〉 = P ∗/(
√
2|P |)|Φ+〉+
P/(
√
2|P |)|Φ−〉, the equality is saturated. And thus it
is the optimal probe state. Since P = e−iΩ+t − 1 =
−2i sin(Ω+t/2)e−iΩ+t/2, the optimal input state can also
be written as
|ψin〉 = P
∗
√
2|P | |Φ+〉+
P√
2|P | |Φ−〉
=
eiΩ+t/2|Φ+〉 − eiΩ−t/2|Φ−〉√
2
(A24)
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